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Abstract 

Canonical formalism for SO(2) is developed. This group can be 
seen as a toy model of the Hamilton-Dirac mechanics with constraints. 
The Lagrangian and Hamiltonian are explicitly constructed and their 
physical interpretation arc given. The Euler-Lagrange and Hamilto- 
nian canonical equations coincide with the Lie equations. It is shown 
that the constraints satisfy CCR. Consistency of the constraints is 
checked. 

1 Introduction and outline of the paper 

The quantum groups are conventionally constructed via deformations (e.g 
PP). But it is also interesting to consider other methods, e.g canonical 
and path integral quantizations. Then one has to construct the Lagrangian 
and Hamiltonian of a group under consideration. The crucial idea of such 
an approach is that the Euler-Lagrange and Hamilton canonical equations 
must be the Lie equations of the Lie (transformation) group. 

In this paper, the canonical formalism for real plane rotations is devel- 
oped. It is shown that the one-parametric real plane rotation group 5*0(2) 
can be seen as a toy model of the Hamilton-Dirac mechanics with con- 
straints [H]. The Lagrangian and Hamiltonian are explicitly constructed. 
The Euler-Lagrange and Hamiltonian equations coincide with the Lie equa- 
tions. Consistency of the constraints is checked. It is also shown that the 
constraints satisfy the canonical commutation relations (CCR). 



2 Lagrangian and Lie equations 



Let 50(2) be the rotation group of the real two-plane M 2 . Rotation of the 
plane M 2 by an angle a £ R is given by the transformation 



f(x,y,a) 
g{x,y,a) 



■ x cos a — y sin a 
x sin a + y cos a 



We consider the rotation angle a as a dynamical variable and the functions 
/ and g as field variables for SO (2). Denote 

/ = d a f, g = d a g 
The infinitesimal coefficients of the transformation are 

U(x,y) = f(x,y,0) = -y 
\ri(x,y) = g(x,y,0) = x 

and the Lie equations read 

17 = £(/,<?) = -<? 
\g = r](f,g) = f 

Our first aim is to find such a Lagrangian L(f,g,f,g) that the Euler- 
Lagrange equations 

dL d dL _ dL d dL 

df da df dg da dg 

correspondingly coincide with the Lie equations. 







Definition 1 (Lagrangian). The Lagrangian L for 50(2) can be defined 



by 



L(f,g,f,g) = l(fg-fg)-\{f 2 + g 2 ) 



Theorem 2. The Euler- Lagrange equations of SO (2) coincide with its Lie 
equations. 



Proof. Calculate 

dL _ d 
df~df 
dL d 

df 



\{fg-fg)-\{f + g 2 ) 



df ^{fg-fg)-\{f 2 + g 2 ) 



- 2 g-f 



d dL 
da df 



2 



from which it follows 
dL d dL 

df~da~J] : 

Analogously calculate 
dL _ d Tl 

~d~g ~ dg [2 

dL _ d [1 
dg dg |_2 

from which it follows 
dL d dL _ 
dg da dg 



f + - 2 9 



9 = f 



(fg - fg) 
(fg-fg) 







(f+9 2 ) 
(f+9 2 ) 



-J-g 



-J 



1 



d dL 



1 



-J-g-^f = o 



da dg 2 
• / 



/ 



-g 



□ 



3 Physical interpretation 

The system of Lie equations is equivalent to the following one: 

f+f=0=g+g 
The Lagrangian of the latter reads 



L{f,g,f,g) = \(f 2 +g 2 
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The quantity 



T = \(f 2 + g 2 

is the kinetic energy of a moving point (f,g) € M. 2 , meanwhile 

i = fg-gf 

is its kinetic momentum with respect to origin (0, 0) € M. 2 . By using the Lie 
equations one can easily check that 

f 2 + g 2 = fg-gf 

This relation has a simple explanation in the kinematics of a rigid body • 
The kinetic energy of a point can be represented via its kinetic momentum 
as follows: 

This relation explains the equivalence of the Lagrangians. Both Lagrangians 
give rise to the same extremals. But one must remember that this relation 
holds only on the extremals, i.e for the given Lie equations. 
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4 Hamiltonian and Hamilton equations 

Our aim is to develop canonical formalism for the Lie equations. According 
to canonical formalism, define the canonical momenta as 



V 



dL 


d 


"1 


df~ 


df 


2 


dL 


d 


"1 






2 



g 

'2 



-(fg-fg)-^(f 2 + g 2 ) 



Note that the canonical momenta do not depend on velocities and so we are 
confronted with a constrained system with two constraints 



<Pi(f,9,P,s) =P + | = 0, <P2{f,g,P,s) 



I 
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Definition 3 (Hamiltonian). According to Dirac [5], the Hamiltonian H 
for 50(2) can be defined by 



H = pf + sg - L+Xi<pi(f,g,p,s) + \ 2 <f2(f,g,P,s) 



pf + sg - L + Ai ( p + | ) + A 2 I s 



f 



where Ai and A2 are the Lagrange multipliers. 

Proposition 4. The Hamiltonian of SO (2) can be presented as 

*-£(/»+«»)+*. O>+§)+*.(.-0 

Proof. It is sufficient to calculate 
H'=pf + sg-L 

= pf + sg-\(fg-fg) + Uf 2 + g 2 ) 



- 2 (f 2 + g 2 ) 



□ 
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Theorem 5 (Hamiltonian equations). If the Lagrange multipliers 

Ai = -g, A 2 = / 
then the Hamiltonian equations 



f 



dH 



dH 



dp ' ^ 3s ' 
coincide with the Lie equations of 50(2). 
Proof. Really, first calculate 



p 



a# 

"a/' 



s = — 



dH 



f 
g 

Similarly calculate 
p 



dH 


d 


"1 


dp 


dp 


2 


dH 


d 


"1 


ds 


~ ds 


2 



(/ 2 + 5 2 )- 5 (p + §)+/U 



1 



a# a 
""a/ ""a/ 

= -/-* + / = 
a# _ a 
a^ a^ 

= -5' + P + 5'=P 
Now use here the constraints p = —g/2 and s = //2 to obtain 



= / 



/ 



s = — 



i (/W) _ 9 ( p+ !) +/ ( s _ 



p = -s 
s =p 



g = f 

f = -9 



□ 



Remark 6. One must remember that on the constraints must be applied 
after the calculations of the partial derivatives of H. 

Corollary 7. The Hamiltonian of SO (2) can be presented in the form 

H = fs- gp 

Then the Hamilton equations coincide with the Lie equations of SO (2). 
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Remark 8. Note that our hamiltonian H is the angular momentum of the 
point (/, g) G M 2 . This is natural, because we consider plane rotations: the 
angular momentum is the generator of the rotations. Hamiltonian obtained 
from conventional Lagrangian will be the total energy 



E = \{p 2 + * 2 ) + 9 2 ) 

= \{fs-gp) + \(f 2 + g 2 ) 



5 Poisson brackets and constraint algebra 

Definition 9 (observables and Poisson brackets). Sufficiently smooth 
functions of the canonical varibles are called observables. The Poisson brack- 
ets of the observables F and G are defined by 

y F r\-——-—— d £ d ^__ d £ d ^_ 

' df dp dp df dg ds ds dg 

Example 10. In particular, one can easily check that 

{f,p} = i = {g,s} 

and all other Poisson brackets between canonical variables vanish. 
Example 11. In particular, 

f Q ,1 9H' ldH' 1 d , 9 9N 

and similarly 

f / ,1 9H' 19,9 9N 

Definition 12 (weak equality). The observables A and B are called 
weakly equal, if 

(A -5 

In this case we write A m B. 
Theorem 13. The Lie equations read 

• dH . dH dH dH 

J ~ "TT - > 9 ~ "T^ 7 P ~ _ T7! S ~ — "Tr- 
ap as oj a<7 



= 

<pi=0=<P2 
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Theorem 14. The Lie equations of SO (2) can be presented in the Poisson- 
Hamilton form 

f~{f,H}, g^{g,H}, p&{p,H}, s^{s,H} 

Proof. As an example, check the third equation. We have 

, ^_ dp dH dp dH dp dH dp dH dH . 
^' df dp dp df dg ds ds dg df ^ 

Theorem 15. The equation of motion of an observable F reads 

F^{F,H} 

Proof. By using the Hamilton equations, calculate 
■ dF ■ dF dF dF 

F= df f + ^ P+ ^ g + ^ S 

^ dF dH dF dH dF dH dF dH 

df dp dp df dg ds ds dg 

= {F,H} □ 

Theorem 16 (constraint algebra). The constraints of SO (2) satsify the 
OCR relations 

{Vi.V'i} = = {^2,^2}, {ip 1 ,ip 2 } = l 
Proof. First two relations are evident. To check the third one, calculate 

4{^,v? 2 } = {2p + g,2s-f} 

. d(2p + g)d(2s- f) d(2p + g) d{2s - f) 



+ 



df dp dp df 

d{2p + g)d{2s- f) d(2p + g)d{2s- f) 
dg ds ds dg 

2 d(2s-f) + 3(2* - /) 



df ds 
=2+2=4 □ 

6 Consistency 

Now consider the dynamical behaviour of the constraints. Note that 

<fl = = (f 2 => <fl = = lf 2 

To be consistent with equations of motion we must prove the 
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Theorem 17 (consistency). The constraints of SO (2) satisfy equations 
{<Pl,H} tt(p!=0, {tp 2 , H} ps 992 = 



Proof. Really, first calculate 

{ipi,H} = {(fi,H' + Ai^i + A 2 v?2} 

ps {(pi,H'} + Xi{(pi, + A 2 {(^i, ¥2} 
= -/ + Ai -0 + A 2 • 1 

= -/ + / 
= 

= <h 

Similarly 

{992, H} = {ip 2 , H' + Ai^i + A2992} 

ps {(^2, + Ai{</? 2 , ^1} + A 2 {^ 2 , ^2} 
= -5 - Ai • 1 + A 2 • 

= -9 + 9 
= 

= if> 2 □ 

Concluding remark 18. Once the canonical structure of SO (2) estab- 
lished, one can perform the canonical quantization as well. This actually 
means the quantization of the angular momentum. 
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